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1. Introduction

The numerical study of the acoustic interaction among multiple
obstaclesin acompressible fluid isachallenging task, especially if
the number of interacting bodies is large, the fluid region extends
to infinity, and the wave numbers of interest are high. Typica
examples of such systems include the tube bundles in heat e-
changers, underwater pipelines, arrays of cylindersin seabed off-
shore structures, and mega-float structures. The acoustic pressure
and the associated hydrodynamic forces on such structure a-
semblies can effectively be predicted by using the so-called “exact
algebraic method”. The method was originally developed by
Kagemoto and Yue [1] for the calculation of hydrodynamic |oads
due to gravity water waves on large floating offshore structures.
In the present work, the method has been extended and adopted
to acoustic scattering and radiation problems. Although the com-
putational example presented in the paper refer to the field of
ocean and coastal engineering, the applications in other fields,
where the acoustic scattering and radiation is of primary concern,
are certainly possible.

2. Mathematical formulation of the problem

Consider the scattering and radiation of acoustic waves by afinite
array of N fixed vertical cylindersin alayer of a compressible fluid
(water) with a free surface. The depth h of the fluid is essumed to
be constant. The cylinders, not necessarily circular, extend
throughout the water depth. Gherwise the fluid region is not
bounded. The origin of afixed reference frame (x,y,2) is on the fluid
bed and the z-axis points upwards. There are N+ 1 polar coordinate
systems in the (x,y)-plane: (r,q) centered at the origin and

(r,d;),J =L..N, centered at (x;,y;), the center of the i™ cylin-

der. The various parameters relating to the relative positions and
size of the cylinders are shown inFigure 1.
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The acoustic scattering and radiation is governed by the wave
equation for pressure p throughout the fluid domain, the linearized
boundary conditions on the free surface z = h and the imperme-
ablebedz =0
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and the boundary conditions on the wetted cylinder surface
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for the acoustic scattering and radiation, respectively. a; , de-

notes the normal component of the accel eration on the wetted
surface of the j™ cylinder and r stands for the density of the
fluid.
For the time-harmonic acoustic waves, the complexvalued pres-
sure P(x,y,2) may be introduced by writing

p(xy.2,t) = Re[P(xy.z)e ™}. ®
Thisimpliesimmediately that the Sommerfeld radiation condition
must be satisfied both for scattered and radiated acoustic waves.

Under the absence of both incident waves and the motion of the

structure, the z-dependence of the eigenfunctionsof the bound-
ary value problem (1) can be factored out according to

P.(xy.2) =Y (Xy.k,)xosk,2), @
with
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The latter relation defines the cut-off frequency of the wave

propagation in thefluid layer w,, = %

3. Exact algebraic method

For the sake of convenience, the mathematical formulation of the
exact algebraic method will be presented for a simultaneous scat-
tering and radiation problem. Thus, it will be assumed that an
acoustic wave incident on the cylindersmaking an angle b with

the positive x-axisis given by

P, (ra,z,t,k,) = Acos(koz)e‘[“Dr cos(q- b)-wi] (6)
and that each cylinder is subjected to horizontal oscillations ac-
cording to  u(t) =u,e " .One should note, however, that

whereas the circular frequency of incident waves in the scattering
problems must be greater than the cut-off frequency, no such a
requirement is necessary for the radiation problems. It is also gp-
parent that one can construct other incident waves satisfying the
boundary conditions (1) as a superposition of elementary waves

Po(ra,z,tK,) .

Kagemoto and Y ue (1986) showed in the context of water gravity
waves that an interaction theory can be developed for an array of
structures which have the property that they are ‘vertically sepa-
rated’. This means that the vertical projections of the structures
cannot intersect. Moreover, the escribed vertical circular cylinder
to each structure centered at its respective origin must not en-
close any other origin. Under these assumptionsthe complex am-
plitude of an outgoing cylindrical wave emanating from the

j™ structure can be given by atruncated series

Pi(r;.q;,2) = é, Zm(Z)ém. ALHP (kar)e™ . ()

where the depth eigenfunctions are given by (4),k ., by (5), and
Al arethe coefficients to be determined. It should be noted that

the Hankel functions H{" (k,,r;) ,which describe the outgoing
waves, should be replaced by the modified Bessel functions



Kn(lzmrj ) assoon as the wave numbers k. defined by (5) be-
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come complex, k. =ik ,for k,i > W—2 . The corresponding pres-
c

sure components represent evanescent modes, which decay ex-
ponentially away from the structure.
Therelation (7) can concisely be written in amatrix form

P(r;.9;,2) = A{? (r,.4,,2), ®)
where AT isthe vector of coefficients A}, and ? ; isthe vector
of scattered partial cylindrical waves Z,,(z)H® (k,r; )e™ .
Thetotal incident pressure P, upon structure p will consist of the
incident wave (6), which in a series representation reads

Po - AZO(Z)eiko(xpcosb+ypsinb)rg?‘ i an(korp)einqp ’ (9)

n=-¥
the waves radiated by theisol a([ed structures j due to their motion

PR(r,q;,2) = az (z)ac' HO (kor)e™ . (10)

n=-¥
where the constants Cr:n can directly be determined from the
boundary conditions (2), and all the scattered waves given by (8)
P — ON R 6\‘ T,)
Po =P @ P +taA Ai?;- (11
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Using Graf’ s addition theorem for Bessel functions[2] one can
express al scattered partial cylindrica wavesin equations (8) and
(10) by thelocal, with respect to the structure p, ‘incident’ partial

cylindrical waves of theform Z(z)J, (kmrp)einqp . It followsfrom
the theorem that, for j p=1...N, j!p,

HO (kpry)e™ = a HP (KL jp)e ™2 3 (Kl )" . (12)
q=-¥
A similar relation holdsfor evanescent wave components.
Using a suitably truncated version of (12) one obtains
?,=T,F,, (13
where F isavector of incident cylindrical waves and the ele-
ments of thematrix T, for propagating and evanescent modesare
given by
— ) i(n-q)aj, -
[T;p]nq =H(KpLye™™ T Jp]nq DK, (K,
respectively.
With the use of (13), thetotal incident pressure upon structure p
can be evaluated as

m Jp)e
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where b isthe vector of coefficients of the partial wave decom-
position of the incident wave (9). In general, it is possible to relate
the incident and scattered pressure fields at the p™ structure
through the diffraction characteristics of that structure inisola-
tion. Thusthere exist ‘ diffraction transfer matrices' (see Martin
[3) B,,p=1...,N ,suchthat
& oT
¢c. & :
A =Bp(;b +a(C A T,
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Specifically, the element [Bpjnq is the amplitude of the n™ partial

(15

wave of the scattered pressure field due to awave of mode q inci-

i(n-a)aj,

dent on structure p inisolation. The system of linear algebraic
equations (15) can be solved for the unknown interaction coeffi-
cients A, ,p =1,..N provided the diffraction matrices have

been determined. For general geometries the diffraction matrices
must be calculated numerically. For the special case of bottom
mounted circular cylinders(radii a, ) the diffraction matrices are

diagonal and given by

_ 0kaa,) _ If(kna,)
[B ]nn - Hrggl)(km;p) ! [Bp]nn ng(l'(*m;p)

for propagating and evanescent modes, respectively.

4. Numerical example

Consider scattering of an acoustic wave (6) by an array of four
vertical circular cylinders (radiusa) arranged in a square mounted
on the seabed in water of constant depth h=a. Theincident wave
makesan angle b = 45° with the x-axis. Figure 2 showsthe re-

sults of computations of the exciting forcein the direction of wave
advance (the magnitude of the force on cylinder 4 isidentical to
that on cylinder 2). The values have been non-dimensionalized by
the forces that would be experienced if the cylinderswereinisola-
tion, so the curves represents the effects of the interaction.

Fig.2: Dimensionless exciting forces on a group of cylinders.

5. Conclusions

An exact algebraic method developed originally for water-wave
interaction problems has successfully been applied in the field of
acoustic scattering and radiation. Using the method, the coeffi-
cients of ecoustic interaction for arrays of structures can be de-
termined exactly and efficiently, provided the diffraction matrices
for the structuresin isolation have been determined.
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